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Function Trains

+/ ÷ 1  ⌈  ≢
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Function Trains: a bit of history

expression composition

TMN APL TMN APL

𝑓 𝑔 𝑥 f g x 𝑓 ∘ 𝑔 𝑥 (fg) x

𝑓 𝑥 × 𝑔 𝑥 (f x)g x 𝑓 × 𝑔 𝑥
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Function Trains: valence

(+,-)2    ⍝ monadic train
2 ¯2

3(+,-)2    ⍝ dyadic train
5 1

TMN APL TMN
3±2 (f g h) (𝑓 ×𝑔)(𝑥)
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Function Trains: in isolation

3 +,- 2    ⍝ not a train
1

3(+,-)2    ⍝ yes a train
5 1

f ← +,- ⍝ train assignment
3 f 2      ⍝ train application

5 1
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Function Trains: step-by-step evaluation

(+⌿ ÷ ≢) 1 2 3 4

(+⌿ 1 2 3 4) ÷ (≢ 1 2 3 4)

10 ÷ 4

2.5
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Example problem: Range
Write an (f g h) train that finds a numeric vector’s range by 

subtracting the smallest element from the largest element.

Examples:

Range 3 1 4 1 5 9
8
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Example problem: Range
Write an (f g h) train that finds a numeric vector’s range by 

subtracting the smallest element from the largest element.

Range ← ⌈/ - ⌊/
Range 3 1 4 1 5 9

8

(⌈/-⌊/) 27 18 28

10
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Function Trains: definition

A sequence of 3 functions in isolation forms a train.

The functions can be primitive, derived or defined:

⌽  +.× foo     ⍝ 3 functions

They can even be trains:

(+⌿ ÷ ≢)  +  |   ⍝ 3 functions
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SkewSymmetric
A skew symmetric matrix M satisfies M ≡ -⍉M

Write an (f g h) train that tests for skew symmetry!

Examples:
SkewSymmetric 2 2⍴0 2 ¯2

1

SkewSymmetric 3 3⍴4↑1
0



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19

Function Trains: definition

A sequence of 3 or more functions in isolation forms a train:

+ , - , × , ÷ ⍝ 7 functions

6 (+ , - , × , ÷) 2

8 4 12 3



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19

Function Trains: fork

Functions in a train are grouped in threes from right:

+,-,×,÷ (+,(-,(×,÷)))

]Box on -trains=parens ⍝ for diagnostics

+,-,×,÷

+,(-,(×,÷))



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19

Function Trains

Odd-numbered functions starting from the right are applied 
to the train’s argument(s):

6 (+  , - , × , ÷) 2

(6+2),(6-2),(6×2),(6÷2)

8  , 4  , 12 , 3

Intervening, even-numbered, functions are applied between 

results of the odd-numbered functions
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Function Trains: definition

A sequence of 2 functions in isolation also forms a train:

- × ⍝ 2 functions

6 (- ×) 2

¯12
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Function Trains: step-by-step evaluation
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Function Trains: step-by-step evaluation

6 (- ×) 2

- (6 × 2)

- 12

¯12
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Function Trains: definition

A sequence of 2 or more functions in isolation forms a train:

- +⌿ ÷ ≢     ⍝ 4 functions

(- +⌿ ÷ ≢) 2 7 1 8

¯4.5
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Function Trains: atop

After making zero or more groups of three, there may be a 
function left over:

- +⌿ ÷ ≢  (-(+⌿ ÷ ≢))

]Box on -trains=parens ⍝ for diagnostics

- +⌿ ÷ ≢
-((+⌿)÷≢)
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Function Trains: atop

After making zero or more groups of three, there may be a 
function left over:

(- +⌿  ÷ ≢) n←2 7 1 8

- (+⌿n) ÷ (≢n)

- 18  ÷ 4

An even-numbered leftmost function is applied to the result.
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Function Trains: summary

A 2-train is an atop:

(g h) ⍵  g (  h ⍵)
⍺ (g h) ⍵  g (⍺ h ⍵)

A 3-train is a fork:

(f g h) ⍵  (  f ⍵) g (  h ⍵)
⍺ (f g h) ⍵  (⍺ f ⍵) g (⍺ h ⍵)

The left tine of a fork (but not an atop!) can be an array:

(A g h) ⍵  A g (  h ⍵)
⍺ (A g h) ⍵  A g (⍺ h ⍵)
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IdentityMatrix
The identity matrix for a square matrix M is like an all-

zero M but with ones along the diagonal. Write a train 

that takes a square matrix as argument and returns the 

corresponding identity matrix:

IdentityMatrix 3 3⍴5
1 0 0
0 1 0
0 0 1
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Function Trains: addressing arguments
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(⌽ ≡ ⊢) 'racecar'   ⍝ palindrome?

(⌽'racecar') ≡ (⊢'racecar')

Function Trains: addressing arguments
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(⌽ ≡ ⊢) 'racecar'   ⍝ palindrome?

(⌽'racecar') ≡ (⊢'racecar')

'_' (≠ ⊆ ⊢) 'you_can_too'   ⍝ cut at ⍺s

('_'≠'you_can_too') ⊆ ('_'⊢'you_can_too')

Function Trains: addressing arguments
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Function Trains: runs of monadic functions
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(? ≢ ⊃ ⊢) ⎕A
(?∘≢ ⊃ ⊢) ⎕A             ⍝ pick random

Function Trains: runs of monadic functions
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(? ≢ ⊃ ⊢) ⎕A
(?∘≢ ⊃ ⊢) ⎕A             ⍝ pick random
(?∘≢⎕A) ⊃ (⊢⎕A)

Function Trains: runs of monadic functions
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(? ≢ ⊃ ⊢) ⎕A
(?∘≢ ⊃ ⊢) ⎕A             ⍝ pick random
(?∘≢⎕A) ⊃ (⊢⎕A)

7 (⊢ ⊃⍨ 2 + ×⊣ ) '-0+'
7 (⊢ ⊃⍨ 2 + ×∘⊣) '-0+'   ⍝ pick by sign
7 (⊢ ⊃⍨ 2 +∘× ⊣) '-0+'

Function Trains: runs of monadic functions
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(? ≢ ⊃ ⊢) ⎕A
(?∘≢ ⊃ ⊢) ⎕A             ⍝ pick random
(?∘≢⎕A) ⊃ (⊢⎕A)

7 (⊢ ⊃⍨ 2 + ×⊣ ) '-0+'
7 (⊢ ⊃⍨ 2 + ×∘⊣) '-0+'   ⍝ pick by sign
7 (⊢ ⊃⍨ 2 +∘× ⊣) '-0+'
(7 ⊢ '-0+')  ⊃⍨  7 (2 +∘× ⊣) '-0+'

Function Trains: runs of monadic functions
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Function Trains: constants on the right

(○ ÷ 180) 45
⍝ degrees to radians

(180 ÷⍨ ○) 45
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Function Trains: constants on the right

(○ ÷ 180) 45
⍝ degrees to radians

(180 ÷⍨ ○) 45

(! ⊢-1) 5
⍝ gamma function

(! -∘1) 5
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PathLength
The length of a path can be determined from the position of 
its points when given as complex numbers with the formula
{+/|2-/⍵}points

Translate this dfn into a train!

Example:
PathLength 1J1 4J1 4J6

8
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Function Trains: summary

A 2-train is an atop:

(g h) ⍵  g (  h ⍵)
⍺ (g h) ⍵  g (⍺ h ⍵)

A 3-train is a fork:

(f g h) ⍵  (  f ⍵) g (  h ⍵)
⍺ (f g h) ⍵  (⍺ f ⍵) g (⍺ h ⍵)

The left tine of a fork may also be an array:
(A g h) ⍵  A g (  h ⍵)

⍺ (A g h) ⍵  A g (⍺ h ⍵)
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Break
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High Rank Operations

⍤



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19



A Decade of APL Extensions — Trains and High Rank Operations#dyalog19


